Two-sided conformally recurrent 4-dimensional self-dual spaces are considered. It is shown that such spaces are equipped with nonexpanding congruences of null strings. The general structure of weak nonexpanding hyperheavenly spaces is given. Finally, the general metrics of Petrov-Penrose type [D] ⊗ [−] spaces are presented. arXiv:2003.09684v1 [math-ph] 
Introduction
The paper is devoted to some interesting aspects of a complex geometry. By "complex geometry" we understand the geometry of the manifolds which are 4-dimensional in a complex sense. We assume, that such manifolds are equipped with a holomorphic metric. Hence, they are generalizations of 4-dimensional real manifolds equipped with a real smooth metric. It is well-known that in dimension 4 there are three different types of real manifolds. These are Lorentzian manifolds (in this case the metric has signature (+ + +−)), neutral manifolds (signature of the metric is (+ + −−)) and Riemannian (also called proper-Riemannian or Euclidean) manifolds (signature (+ + ++)).
The spaces which we analyze in this paper have additional property: they are twosided conformally recurrent. The idea of the spaces which are conformally recurrent, i.e., for which ∇ m C abcd = r m C abcd 1 , C abcd = 0, has a long history in general theory of relativity and in differential geometry. One of the most transparent papers devoted to such spaces is that by McLenaghan and Leroy [5] . In this paper the authors have found all Lorentzian metrics which are two-sided conformally recurrent. It appeared that if such a space is not conformally flat its metric is of the Petrov-Penrose type [D] or [N] .
What more can be done in the subject if the metrics of the conformally recurrent spaces are explicitly known? The answer is: the results can be generalized to the complex case and to the real cases of the different signatures. Although real Riemannian spaces and real neutral spaces are not the realistic models of space-time, they play a great role in theoretical physics and in geometry. Neutral spaces appear in Walker and Osserman geometries [2, 22] , integrable systems and ASD structures [3] , rolling bodies, para-Hermite and para-Kähler spaces [6, 7] . The investigations of real Riemannian spaces led to the idea of gravitational instantons [4, 14, 15, 21] . 4-dimensional real manifolds can be obtained results are added.
Preliminaries

Petrov-Penrose classification
Let (M, ds 2 ) be a 4-dimensional complex analytic differential manifold equipped with a holomorphic metric. The metric ds 2 can be written in the form ds 2 = 2e 1 e 2 + 2e 3 e 4 (2.1)
where 1-forms (e 1 , e 2 , e 3 , e 4 ) are the members of a complex null tetrad and they form a basis of 1-forms. The dual basis is denoted by (∂ 1 , ∂ 2 , ∂ 3 , ∂ 4 ) and it is also called the null tetrad. g AḂ and ∂ AḂ are the spinorial images of the null tetrads Spinorial formalism used in this paper is Infeld -Van der Waerden -Plebański notation. For more details see [8, 10] . Also, a brief summary of this formalism has been presented in [1, 11] . Spinorial image of the SD part of the Weyl tensor is called the SD Weyl spinor and it is 4-index, undotted spinor totally symmetric in all indices C ABCD = C (ABCD) . It is well know that it can be presented as a product of some 1-index spinors
undotted complex spinors which are called Penrose spinors. If all Penrose spinors are mutually linearly independent then the SD conformal curvature is algebraically general. If at least two Penrose spinors are proportional to each other, then the SD conformal curvature is algebraically special. All possible degenerations between Penrose spinors give the Petrov-Penrose classification of the SD conformal curvature:
The similar classification holds true for the ASD Weyl spinor CȦḂĊḊ. In a complex case SD and ASD Weyl spinors are unrelated and they can be of an arbitrary Petrov-Penrose type. To find the type of the conformal curvature of a complex space one has to determine the Petrov-Penrose type of SD and ASD parts separately. 
Congruences of null strings
In this section we equip (M, ds 2 ) with additional structure: 2-dimensional, integrable, totally null distribution. Family of integral manifolds of such distribution is called congruence of null strings and it plays a fundamental role in our further investigations. For more detailed analysis of the congruences of null strings see [1, 12] .
Let D m A = {m A aȦ, m A bȦ}, aȦbḂ = 0 be a 2-dimensional SD holomorphic distribution defined by the Pfaff system m A g AḂ = 0 (2.7)
The 
where Z AĊ is the Sommers vector and MĊ is the expansion of the congruence 2 . The expansion is the most important property of the congruence of null strings. If MȦ = 0 the congruence is expanding; if MȦ = 0 then the congruence is nonexpanding. If the congruence is nonexpanding it means that the distribution D m A is parallely propagated, i.e., ∇ X V ∈ D m A for every vector field V ∈ D m A and for arbitrary vector field X. Note, that if MĊ = 0 then from (2.9) it follows that covariant derivative of the spinor field m B is proportional to this field, ∇ a m B = Z a m B . Such a spinor field is called recurrent. Hence Corollary 2.1. Nonexpanding congruences of null strings are generated by the recurrent spinor fields.
Two facts are important for further analysis (see [1] for proofs) Theorem 2.1. If a spinor m A generates a congruence of SD null strings, then it is a Penrose spinor. Theorem 2.2. If a spinor m A generates a nonexpanding congruence of SD null strings, then it is a multiple Penrose spinor.
From Theorem 2.1 it follows, that maximal number of distinct congruences of SD (ASD) null strings is 4. Only SD (ASD) type [I] can be equipped with 4 distinct congruences of SD (ASD) null strings. For our purposes it is especially desirable to analyze Petrov-Penrose type [D] . There are 6 possibilities (see Scheme 1) 3 . Superscript e means that the corresponding congruence is expanding while superscript n means that it is nonexpanding. The number of superscripts corresponds to the number of distinct congruences. Proof. See [12] .
We use the symbol [any] ⊗ [−] e for SD spaces with R = 0 and the symbol [any] ⊗ [−] n for SD spaces with R = 0.
Two-sided conformally recurrent spaces
The following definitions can be found in [19, 20] Definition 2.2. Recurrent space is a nonflat space in which the Riemann tensor satisfies
If r m = 0 then the space is symmetric. If r m = 0 then the space is conformally symmetric.
It can be shown that (2.10) is equivalent to the following relations
where C ab is the traceless Ricci tensor and R is the curvature scalar. It implies that each recurrent (symmetric) space is conformally recurrent (conformally symmetric). Finally for the Lorentzian manifolds we have [20] Definition 2.4. Complex recurrent space-time is a nonflat space in which the SD Weyl tensor C * abcd satisfies
Because in the complex spaces and in the real neutral spaces SD and ASD Weyl spinors are unrelated, the following definition has been formulated in [11] Definition 2.5. Let M be a four-dimensional real smooth or complex analytic differential manifold equipped with the real or holomorphic metric ds 2 . Then the pair (M, ds 2 ) is twosided conformally recurrent Riemannian manifold if there exist vectors r m andṙ m such that
and C ABCD and CȦḂĊḊ do not vanish simultaneously.
In the case of real Lorentzian spaces, the Definition 2.5 and the Definition 2.4 are equivalent.
The following Lemma can be easily extracted from [11] although it has not been formulated there explicitly. Lemma 2.1. Let C ABCD = 0 and ∇ m C ABCD = r m C ABCD . Then (M, ds 2 ) is equipped with nonexpanding congruence of SD null strings.
Proof. Putting C ABCD = a (A b B c C d D) in (2.14a) and contracting it with a A a B a C a D we obtain two solutions. The first solution is a A ∇ m a A = 0, so a A is a recurrent spinor field. Hence, it generates a nonexpanding congruence of SD null strings. The second solution gives
and contracting it with a A a B a C one find that a A is a recurrent spinor field or c A ∼ a A so a A is triple Penrose spinor. In this case algebraic type of the SD Weyl spinor is [III], equivalently C ABCD = a (A a B a C d D) . Putting this form of C ABCD once again in (2.14a) and contracting with a A a B one gets that a A is recurrent or d A ∼ a A so a A is quadruple Penrose spinor. Hence, the type is [N] and C ABCD = a A a B a C a D . The last step is to put C ABCD = a A a B a C a D in (2.14a) and contracting it with a A . It proves, that a A is recurrent. Proof. From Lemma 2.1 we conclude, that if C ABCD = 0 and ∇ m C ABCD = r m C ABCD then SD Weyl is algebraically degenerated and its multiple Penrose spinor is recurrent
The nonexpanding congruence of SD null strings generated by the spinor b D is different to the congruence generated by the spinor a A , so
Eq. (2.18) implies that c D is recurrent so it is multiple Penrose spinor and it must be proportional to a A . In this case we land at the type [N] n .
(ii). The second solution implies that b D is proportional to c D , so it is double Penrose spinor. The SD Weyl spinor takes the form
However, if we consider (2.17) written for c D = b D and contracted with b D , we find that b D is recurrent. Finally, the type reduces to [D] nn . 
Theorem analogous to the Theorem 2.4 holds true for the ASD Weyl spinor. Moreover, the existence of the nonexpanding congruence of null strings implies, that for the type [D] nn the curvature scalar R = 0 and for the type [N] n the curvature scalar R = 0 [1, 11] . Hence, the spaces with mixed curvature, i.e., spaces of the types
3). All of these types except the last one have been explicitly found in [11] .
To find the metric of the two-sided conformally recurrent space of the type [D] nn ⊗[−] e we use the hyperheavenly spaces formalism. As a starting structure we consider (M, ds 2 ) equipped with one congruence of SD null strings. Such a space is the algebraically degenerated Walker space or -equivalently -weak nonexpanding hyperheavenly space. Weak hyperheavenly space has been defined in [2] . Definition 3.1. Weak hyperheavenly space (weak HH-space) is a 4-dimensional complex analytic differential manifold M endowed with a holomorphic metric ds 2 satisfying the following conditions:
• there exists a 2-dimensional holomorphic totally null self-dual integrable distribution given by the Pfaff system
• the self-dual Weyl spinor C ABCD is algebraically degenerate and m A is a multiple Penrose spinor i.e.
If we additionally assume that the congruence of SD null strings is nonexpanding then the metric of such a nonexpanding weak HH-space without any loss of generality can be brought to the form [2, 12]
where QȦḂ = Q (ȦḂ) are holomorphic functions and (qȦ, pḂ) are complex variables. Coordinates pȦ are coordinates on null strings while coordinates qȦ label the null strings. Equivalently, leafs of foliation are given by qȦ = const. Introduce the null tetrad
then the relation between null tetrads (∂ 1 , ∂ 2 , ∂ 3 , ∂ 4 ) and (∂Ȧ, ðȦ) reads
Decomposing the connection forms according to the formulas
one finds that nonzero connection coefficients are
The SD curvature coefficients C (i) and the curvature scalar R read
Finally, the components of the traceless Ricci tensor are given by the formulas
The members (∂ 2 , ∂ 4 ) of Plebański tetrad are tangent to the null strings. In this sense Plebański tetrad is adapted to the congruence of SD null strings. Spinor field which generates the congruence has the form m A = (0, m), m = 0. Petrov-Penrose types of SD Weyl spinor are given by the conditions type [II] :
3) is double Kerr-Schild-equivalent to the flat metric [13] . Therefore it belongs to the double Kerr-Schild (dKS) class. If QȦḂQȦḂ = 0 (3.12) then the metric (3.3) exhibits the single Kerr-Schild (sKS) structure.]
Coordinate gauge freedom
The metric (3.3) remains invariant under the following transformations of the coordinates
where σȦ = σȦ(qḂ) are arbitrary functions and
Hence
Functions QȦḂ transform under (3.13) as follows
Transformations (3.13 ) are equivalent to the spinorial transformations
Hence, dotted and undotted spinors transform according to the formulas
Spaces of the types [deg] n ⊗ [−]
Weak HH-spaces formalism (also called the second Plebański's formalism) has one major advantage. Using this formalism one can very easily pass to the algebraically degenerated nonexpanding SD spaces, i.e., spaces of the types [deg] n ⊗[−]. This transition is realized by the algebraic condition CȦḂĊḊ = 0 (3.9) which can be immediately solved [2, 11] . For the spaces of the types [deg] n ⊗ [−] one finds
where AṄ , BṄȦ = B (ṄȦ) , B, CȦḂṄ = C (ȦḂṄ ) , CȦ, EṄȦ = E (ṄȦ) are arbitrary functions of the variables qȦ. Feeding (3.9) and (3.10) with (3.19) one gets
After tedious but straightforward calculations one arrives at the following transformation formulas 19) ), the HH-spaces formalism has one major disadvantage. Namely, it is quite hard to pass from the spaces of the types [deg] n ⊗ [−] to the spaces of the type [D] nn ⊗ [−] e . Indeed, the condition for C ABCD to be of the type [D] reads 2C (2) C (2) − 3C (1) C (3) = 0 (4.1)
Both C (1) and C (2) depends on ðȦQȦḂ (3.21) and its derivatives. Clearly, (4.1) becomes very complicated algebraic condition.
[Remark: HH-spaces formalism is not the only formalism which can be used to obtain metrics of the SD spaces of the type [D] which are two-sided conformally recurrent. The alternative approach uses the null tetrad which is adapted to the two distinct congruences of SD null strings. If both these congruences are nonexpanding then the space is of the type [D] nn ⊗ [any] and the metric has the form
Coordinates (q A , qȦ) are so called double null coordinates. Although double null coordinates system seems to be perfectly adapted to the spaces equipped with two distinct nonexpanding congruences of SD null strings, it has one severe disadvantage. To pass to the SD spaces of the type [D] nn ⊗ [−] one has to solve the condition CȦḂĊḊ = 0. It is equivalent to the set of five nasty differential equations. This set of equations have been attacked in [16] , with no success.] However, Eq. (4.1) leads to the type [D] n ⊗ [−] e . There is no second congruence of SD null strings in general. To find the spaces which are two-sided conformally recurrent we need much more special type [D] nn ⊗ [−] e . Instead of the condition (4.1) we focus on the equations for the second congruence of SD null strings.
The first congruence of SD null strings is generated by the spinor m A = (0, m), m = 0. The second congruence is distinct so it must be generated by the spinor l A = (a, b) such that l A m A = −am = 0. Hence, a = 0. The null strings equations for this second congruence take the form l A l B ∇ AṀ l B = 0 (4 .3) and for the type
We have to solve the equations
Eqs. (4.4) written for A = 1 give
with the solution b =f (qṀ )a. Transformation for the functionf reads
Using gauge functionh one can putf = 0 without any loss of generality. Hence, l A = (a, 0), a = 0. Eqs. (4.4) written for A = 2 give 0 = a 2 Γ 222Ṁ =⇒ ðȦQȦḂ = 0 (4.8)
Condition ðȦQȦḂ = 0 implies C (2) = C (1) = C 22ȦḂ = 0. ðȦQȦḂ = 0 becomes a set of two third-order polynomials in pȦ with the coefficients which depend on qȦ only. Explicitly, we arrive at the following system of 15 equations for 15 functions 
Proof. If AṄ = 0 then from (4.9a) it follows BȦḂ = 0, because AṄ and B cannot vanish simultaneously. It implies C 12ȦḂ = 0. Conversely, C 12ȦḂ = 0 implies AṄ = 0. Thus, equivalence (i) ⇐⇒ (ii) is completed. It remains to prove (i) ⇐⇒ (iii). If R = const then AṄ = 0 (compare (3.20) ). If AṄ = 0 then (4.9a) implies BȦḂ = 0 and (4.9c) gives B = const; consequently R = const. It completes the proof.
From Lemma 4.1 it follows that there are two cases to be considered. The first is AṄ = 0 and in this case traceless Ricci tensor is nonzero. The second is AṄ = 0 and in this case the space is Einstein space.
In the end of this section we write down the form of the Sommers vectors of both congruences
Both these vectors are necessarily nonzero. Otherwise, the space is equipped with covariantly constant field of 1-index undotted spinors. It is possible only for the type [N] n . Using (4.10) one finds (compare 2.19a) Because AṄ = 0 one can put AṄ = δ˙1Ṅ and B = 0 without any loss of generality. Gauge transformations are reduced to
wheres and σ are arbitrary functions of q˙1 only. If, for convenience, we denote M := C˙1˙1˙1, N := C˙1˙1˙2, P := C˙1˙2˙2, S := C˙2˙2˙2 (4.12) from Eqs. (4.9a) one finds
Eqs. (4.9c), (4.9d) and consistency conditions between them implies
Feeding (4.9f) with (4.14) yields
the last Eq. 
where M 0 , N 0 and P 0 are arbitrary constants. The metric reads
where we denoted p˙1 =: x, p˙2 =: y, q˙1 =: q, q˙2 =: p (4.20)
In this case the condition (3.12) cannot be satisfied so the metric belongs to the dKS class. Cases (ii) and (iii) lead to the solution A˙1 = 1, A˙2 = 0, B = 0, B˙1˙1 = B˙2˙2 = 0, B˙1˙2 = B 0 , C˙1˙1˙1 = C˙1˙1˙2 = C˙2˙2˙2 = 0, C˙1˙2˙2 = P 0 ,
where P 0 and B 0 are arbitrary constants. Finally, we arrive at the metric
In general the metric (4.22) belongs to the dKS class but if 3P 0 = B 2 0 then it becomes sKS metric.
[Remark. In both cases (4.19) and (4.22) the traceless Ricci tensor can be written in the form C ABĊḊ = f AB fĊḊ where f AB f AB = 0, fĊḊfĊḊ = 0 so it has the form of a general electromagnetic field [17] . Hence, the algebraic type of the traceless Ricci tensor is [2N 1 − 2N ] 2 .]
Einstein spaces of the type [D] nn ⊗ [−] e
In this section we deal with Einstein case which is characterized by AṄ = 0. Since 3.22d) ). Hence, CȦ = 0 but from now on the gauge function σ is not arbitrary anymore. Indeed, it reads Λσ + ln ∆ = const. We are left with five equations ∂EȦḂ ∂qȦ − EȦĊCȦĊḂ = 0 (4.24a)
Because B 0 = 0, from Eqs. (4.24b) one gets solutions for EȦḂ
(where we used the abbreviations (4.12)). Eqs. (4.24a) written explicitly read
At this point the crucial step is careful analysis of the transformation formulas (3.22e). One finds
Using the ambiguity in the gauge function q 2 = q 2 (qṀ ) (consequently, in τ ) the function M can be gauged away. To keep M = 0 gauge freedom is limited to the transformations q 2 = q 2 (q˙2), i.e., τ = 0 4 . Transformation for N reads now
Arbitrariness in q 1 = q 1 (qḂ) allows to gauge away the function N . Gauge transformations are reduced then to the following formulas
where g, µ and ν are arbitrary gauge functions of one variable q˙2. Eqs. (4.26) with M = N = 0 implies
where f, β, γ and δ are arbitrary functions of q˙2. Transformation formulas for these functions read
From (4.31) it follows that one can always put β = γ = δ = 0 without any loss of generality. Finally we obtain the solution
where f = f (q˙2) is an arbitrary function. Using (4.20) one arrives at the metric
The metric (4.33) contains one arbitrary function of one variable f (p). The interpretation of this arbitrariness in the solution (4.33) is unknown. We have not been able to prove that this function can be gauged to the constant value. However, the metric (4.33) is dKS and it becomes sKS if and only if f = 0. Although the function f does not enter into the curvature, it enters into connection coefficients ΓȦḂ 2Ḋ . Note, that if f = 0 then the metric (4.33) has at least one Killing vector ∂ p .
[Remark: The problem of Einstein spaces of the type [D] nn ⊗ [−] e can be attacked more directly, by using the formalism of the hyperheavenly spaces instead of the weak hyperheavenly spaces. Frankly, we followed that way and we arrived exactly at the solution (4.33). The key function, which generates the metric (4.33) has the form
where αṀ = αṀ (q, p) and β = β(q, p) are arbitrary functions.]
Einstein spaces of the type [D] nn ⊗ [−] e in double null coordinates system
An interesting problem arises, namely: to transform the solution (4.33) into double null coordinates system. To do it we proceed, as follows.
The first congruence of SD null strings is given by the Pfaff system e 3 = 0, e 1 = 0 or, equivalently, qȦ = const. The second congruence is defined by the Pfaff system e 4 = 0, e 2 = 0 (because ðȦQȦḂ = 0). It means that there exist functions F AḂ and q A such that
Hence, the second congruence of SD null strings is given by the equations q A = const. Then
To pass to the double null coordinates system the coordinates qḂ should be kept unchanged and coordinates pȦ should be treated as functions of (q B , qĊ). It is equivalent to the set of equations where we denoted p˙1 =: x, p˙2 =: y, q˙1 =: q, q˙2 =: p, q 1 =: r, q 2 := s (4.39)
where G = G(r, s) is an arbitrary function. Inserting (4.46) into (4.44a) one gets the quadratic equation for Ω p with the solution
Eq. (4.47) implies that Eq. (4.44b) is identically satisfied. Eq. (4.47) yields
where J = J(r, s) is an arbitrary function and H = H(p) is a function such that H pp := f . Finally
where Ω is given by (4.48 Performing straightforward calculations one finds that the factors G r dr+G s ds and J r dr+ J s ds appear in (4.50). These factors are obviously equal to dG and dJ, respectively. It suggest that the functions G and J should be considered as the new coordinates.
Changing the names of these coordinates, namely G → r, J → s we obtain the metric in the form
Equivalently, the metric (4.51) can be written in the form 1 2 ds 2 = F pr dpdr + F ps dpds + F qr dqdr + F qs dqds (4.52)
The potential F reads
where m = m(p, q) i n = n(r, s) are arbitrary functions. Obviously, functions m and n are gauge-dependent and they do not enter into the metric (4.52). The procedure presented in this section can be applied to the non-Einstein metrics (4.19) and (4.22), but the results will be presented elsewhere.
Concluding remarks.
In this paper we have investigated SD spaces which are two-sided conformally recurrent. Although many papers have been devoted to the conformally recurrent spaces, there is only one paper which consider SD spaces with such a property [11] . In that paper Plebański and Przanowski were able to integrate type-[N] SD spaces. The question of the type-[D] SD spaces remained open. In the present paper we have filled this gap.
We proved that two-sided conformally recurrent SD spaces of the type [D] belong to the special class [D] nn ⊗ [−] e , i.e., they are equipped with two nonexpanding congruences of SD null strings. Conversely, any space of the type [D] nn ⊗[−] e is a two-sided conformally recurrent space. This property is crucial and allows to integrate the equations. There are two classes of non-Einstein spaces (4.19) and (4.22) and one class of Einstein spaces (4.33).
The further investigations should be focused on the two issues. The metrics (4.19), (4.22) and (4.33) are, in general, complex, i.e., the coordinates and constants are complex and the functions are holomorphic. Real neutral slices (i.e., metrics with the signature (+ + −−)) can be immediately obtained: it is enough to consider all the coordinates and constants as real ones and all the functions as smooth. However, it is much harder to obtain real Euclidean slices (signature (+ + ++)). It is especially important because of the possible applications of such slices in the theory of the type-[D] Kähler spaces and gravitational instantons [4, 14, 15, 21] . The first step towards obtaining such slices has been done: the metric (4.33) has been transformed to the double null coordinates system. We believe that the form (4.51) is more plausible for finding Euclidean slices. The work on it is underway.
The second unsolved problem is related to the non-Einstein solutions. The algebraic reason why the non-Einstein solutions split in two classes (4.19) and (4.22) is obvious. The geometrical reason is unknown. More detailed investigations of the properties of the traceless Ricci tensor could answer this question. We believe, that the authors of [11] faced the same problem. There are three classes of solutions which lead to the metrics (A.4), (A.5) and (A.6). Also in this case the geometrical difference between them is unclear. The integration of Eqs. (A.1) has been presented in [11] so we omit all the details and give only final results. There are three, essentially different solutions. can be reduced what has not been noticed in [11] . Indeed, careful analysis of the transformation formulas prove that Σ can be gauged to 1 or C can be gauged to 0.] Solution 3: BȦĊ = 0. BȦĊ = CȦ = 0, E˙1˙2 = E˙2˙2 = 0, E˙1˙1 = Ω C˙1˙1˙1 = 0, C˙1˙1˙2 = N, C˙1˙2˙2 = P, C˙2˙2˙2 = S
where Ω, N, P and S are arbitrary functions of qṄ . The metric takes the form 1 2 ds 2 = dydq − dxdp − (Sy + P x)dp 2 − 2(N x + P y)dqdp + (Ω − N y)dq 2 (A.6)
